We study N = 2 supersymmetric Born-Infeld-Higgs theory in 3 dimensions and derive Bogomol'nyi relations in its bosonic sector. A peculiar coupling between the Higgs and the gauge field (with dynamics determined by the Born-Infeld action) is forced by supersymmetry. The resulting equations coincide with those arising in the MaxwellHiggs model. Concerning Bogomol'nyi bounds for the vortex energy, they are derived from the N = 2 supersymmetry algebra.
Introduction
The supersymmetric extension of the Born-Infeld theory [1] - [2] was studied in refs. [3] - [4] by means of superspace techniques. Remarkably, connections between Euler-Heisenberg effective Lagrangians derived from certain supersymmetric theories and the Born-Infeld Lagrangian were discovered [3] , [5] . More recently, supersymmetric extensions of 10-dimensional Born-Infeld theory have been shown to play a central rôle in the dynamics of D-branes [6] - [12] .
Closely related to the issue of supersymmetry completion of the BornInfeld theory, the study of Bogomol'nyi relations and BPS solutions in this theory is the main object of the present work. To this end, we center the analysis in the study of a N = 2 supersymmetric Born-Infeld theory in d = 3 dimensions, which, when coupled to a Higgs field, has a bosonic sector which admits Bogomol'nyi equations [13] - [14] 1 . Interestingly enough, the BornInfeld BPS equations coincides with those of the Maxwell theory and hence the exact vortex solutions found in this last case [16] also solve the more involved Born-Infeld theory.
As it is well-known, Bogomol'nyi relations can be found just by establishing an inequality between the energy and the topological charge [15] or by analysing the conditions under which a bosonic theory with topological solutions can be extended to a N = 2 supersymmetric theory in which the central charge coincides with the topological charge [17] . In this respect, it is very enlighting to derive, via the Noether method, the explicit supersymmetric algebra from which the origin and properties of BPS relations becomes transparent. This was done for the Maxwell-Higgs model in [19] and for the case of local supersymmetry in [20] - [21] . In the present work we proceed to a similar analysis with the case of a supersymmetric Born-Infeld-Higgs theory.
The plan of the paper is the following: in Section 2 we present the N = 1 supersymmetric Born-Infeld theory in d = 4 dimensions giving an explicit formula for the fermionic Lagrangian which will be necessary for constructing the SUSY charges. Then, in Section 3 we proceed to a dimensional reduction to d = 3 thus obtaining a N = 2 supersymmetric Born-Infeld theory with a bosonic sector obeying first order Bogomol'nyi equations. The N = 2 supersymmetric algebra is constructed in section 4 where Bogomol'nyi bounds are discussed. Finally in section 5 we present a discussion of our results. The explicit expressions for superfields in components are detailed in an Appendix.
Supersymmetric Born-Infeld theory
In this section we shall start by writing the N = 1 supersymmetric version of the Born-Infeld (BI) theory in four dimensional space-time. Then, by dimensional reduction, we shall obtain in the next section a 3-dimensional N = 2 supersymmetric Lagrangian which will then be coupled to a Higgs scalar.
The 4-dimensional Born-Infeld Lagrangian is
(The signature of the metric g µν is (+, −, −, −)). Use of the identity
allows to write (1) in the form
In order to construct the SUSY extension of the Born-Infeld Lagrangian, we shall follow [3] - [4] . Although the complete derivation of the bosonic part of the SUSY model has been presented in these references (see also [9] - [10] ) we shall here give a detailed description of the supersymmetric construction since, for our purposes, knowledge of the explicit form of certain fermion and fermion-boson terms is necessary.
We start by writing the BI Lagrangian (1) in the form
where
Eq.(4) can be rewritten as
The basic ingredient for the supersymmetric extension of the BI action is the curvature supermultiplet
where V is the gauge vector superfield which in the Wess-Zumino gauge reads
Here A µ is a vector field, λ andλ are two-component spinors which can be combined to give a four-component Majorana fermion and D is an auxiliary field. The covariant derivatives D α andDα act on chiral variables
where we use α, β, . . . for spinor indices and µ, ν, . . . for Lorentz indices. As usual, σ µ = (I, σ) with σ i the Pauli matrices. Explicitly,
are the covariant derivatives acting on functions of (y, θ,θ) and
are the corresponding covariant derivatives on functions of (y † , θ,θ). As it is well known, one can construct the N = 1 supersymmetric Maxwell Lagrangian in terms of the chiral superfield W α and its hermitic conjugatē Wα by considering
since the last F -components in W 2 andW 2 contain the terms
iFF . Now, in order to get higher powers of F 2 and FF necessary to construct the BI action, it has been shown [3] that one has to include powers of superfields X and Y defined as
Note that, as shown in the Appendix, one can write
Hence, lowest components of X and Y include the invariants F 2 and FF . Thus, we consider the following supersymmetric Lagrangian whose bosonic part, as we shall see, leads to the BI theory
(here a rst are coefficients to be determined). Concerning the last term in (17) , note that higher powers of F 2 and FF are necessary for the construction of the BI Lagrangian, not only W 2 andW 2 should be considered but also products and powers of these chiral superfields have to be introduced. Now, since the highest component of W 2W 2 takes the form
one can see that powers of this general superfield can be used to reproduce the expansion in (6). As stated above, coefficients a rst should be chosen so as to get the BI Lagrangian from the bosonic part of (17) . Since the product X s Y t contains derivatives of F andF in its D-component, a 0st must vanish in order to eliminate unwelcome purely bosonic terms. Moreover, one can see that the simplest choice leading to the BI action is to take a rst = 0 for r > 1. Then, in superfield notation, the SUSY BI Lagrangian that we shall consider is:
One can see that this Lagrangian coincides with those proposed in [3] - [4] . It remains to determine coefficients a 1st so that the bosonic sector of the theory does coincide with the BI Lagrangian. We then concentrate in the purely bosonic terms of L
SU SY BI
and this we do by putting fermions to zero. At this stage, we shall impose
Note that when the equation of motion for the D field (which in the present case gives D = 0) is used, the bosonic part of the supersymmetric Lagrangian coincides with the BI Lagrangian, i.e.
Coefficients a 1st can be now computed by imposing identity (20) . From the bosonic components of W 2W 2 (given in the Appendix) one finds a recurrence relation which connects the a ′ s coefficients in SUSY BI Lagrangian expansion with coefficients q ′ s (eq. (5)) in the expansion of the BI Lagrangian,
With the knowledge of coefficients a ′ s, the supersymmetric Born-Infeld Lagrangian can be explicitly written in the form
where L f er contains self-interacting fermion terms while L f b includes kinetic fermion and crossed boson-fermion terms. Both L f er and L f b can be calculated as expansions in increasing powers of fermionic and bosonic fields. For our purposes, namely the discussion of Bogomol'nyi relations through the supersymmetry algebra, only certain terms, quadratic in fermion fields, will be necessary. In fact, as will become clear in section (IV) , only quadratic terms of the form λ∂ µλ andλ∂ µ λ will give a contribution to the current algebra (higher order terms vanish when fermions are put to zero). Then, we shall only give the explicit form of those terms in L f b which will be necessary in what follows (terms in L f er do not contribute to the SUSY algebra). Denoting L f b [λ, ∂λ] the sum of relevant terms (other terms of equal or higher order in fermionic fields can be calculated straightforwardly), we have
Here A and Ω * µρ Ω ρν , calculated in the Appendix, are given by
We end this section by rewriting L SU SY BI defined in eq. (22), which was worked out in terms of the two component fermions λ andλ, using a four component fermion Λ,
Concerning 4 dimensional Dirac matrices Γ µ , we use
With this, the complete supersymmetric Born-Infeld Lagrangian (22)
is invariant under the following N = 1 supersymmetry transformations
3 The Supersymmetric Born-Infeld Higgs model and Bogomol'nyi equations
In the previous section we have constructed the d = 4, N = 1 supersymmetric Born-Infeld theory. Now, since we are seeking for Bogomol'nyi relations for a spontaneously broken gauge theory, one has to consider, in addition to the Lagrangian already derived, a SUSY Higgs Lagrangian. This can be done by considering a chiral supermultiplet Φ coupled to the vector superfield (8) in the usual gauge invariant way. Also, one adds a Fayet-Iliopoulos term to break the gauge symmetry. We shall not give the details here but directly give the resulting SUSY Higgs Lagrangian. The first part of this section is devoted to a dimensional reduction to d = 3 space-time thus obtaining a N = 2 supersymmetric theory. It is in this model that Bogomol'nyi relations for vortices arise. Then, we shall discuss Bogomol'nyi equations. Now, as it is well known, enlargement of supersymmetry from N = 1 to N = 2 leads to a bosonic sector obeying first order Bogomol'nyi equations [18] - [19] . These equations are obtained at the end of this section while the supersymmetry algebra (leading to Bogomol'nyi bounds) is discussed in the next one.
The dimensional reduction proceeds as follows. We take A 3 = N and N will play the role of an additional scalar field in the 3-dimensional model. Concerning the fermion Λ defined in eq.(28), its components can be accomodated into a couple of two-component 3-dimensional Majorana fermion χ and ρ Four dimensional Γ matrices are related to 2 × 2 Dirac matrices in three dimensions γ i (i = 0, 1, 2) as follows
. With this, the dimensionally reduced N = 2, d = 3 action takes the form
Here
Concerning S
f b , it can be written in the form
and Σ is a Dirac fermion constructed from the two Majorana fermions χ and ρ,
Finally, S
f er is the dimensionally reduced purelly fermionic action whose explicit form is irrelevant for our main purpose, namely the evaluation of the supersymmetry algebra.
As announced, we shall add a N = 2, d = 3 Higgs action S
H for the Higgs field whic takes the form [19] 
φ is a complex charged scalar, ψ a Dirac spinor, N a real scalar and F a complex auxiliary field. The covariant derivative
Using the equation of motion for the auxiliary field F , action (41) reads
The complete N = 2, d = 3 supersymetric Born-Infeld-Higgs action is then given by S
SU SY = S
bos + S
f er + S 
Since we have already used the equation of motion of the F field, eqs. (45) correspond to an on-shell invariance. In order to have an off-shell invariance one just has to use (41) instead of (43) and supplement (45) with the transformation law for F δF = iǭ Dψ + (iǭΣφ + h.c.)
The connection between supersymmetry and Bogomol'nyi equations is by now well-known. In the "normal" Maxwell-Higgs theory, imposing the supersymmetry variation of the gaugino to be zero gives one of the Bogomol'nyi equations (that for the gauge curvature) while the vanishing of the Higgsino supersymmetry variation leads to the second Bogomol'nyi equation, the one for the Higgs field. The same happens in the present case. Indeed, suppose we want to obtain the Bogomol'nyi equations for the bosonic theory defined by action (44) with all fermion fields put to zero. If we use the equation of motion for the auxiliary field D,
the bosonic action becomes
where V [φ] is the resulting symmetry breaking potential
It is interesting to note that in our treatment, the symmetry breaking potential appears as a multiplicative factor inside the BI square root as a result of searching the supersymmetric extension of the bosonic theory. That is, N = 2 supersymmetry forces this functional form for the action (the same happens if one remains in d = 4 dimensions with the N = 1 theory). In ref.
[13] this functional form was selected from the infinitely many possibilities of adding to the BI theory a Higgs field and its symmetry breaking potential just by trying to obtain the usual (i.e. Maxwell+Higgs) Bogomol'nyi equations. Thus, supersymmetry explains the rationale of the choice associated with the Born-Infeld-Higgs model. Let us now write, exploiting supersymmetry, the first order equations for the Born-Infeld-Higgs theory which are the analogous to the Bogomol'nyi equations for the "normal" Nielsen-Olesen model. To this end we consider the static case with A 0 = N = 0.
From the supersymmetry point of view, Bogomol'nyi equations follow from the analysis of the gaugino and Higgsino supersymmetry variations.
More precisely, one decomposes the (Dirac) parameter of the supersymmetry transformation into its chiral components ǫ ± . Then, by imposing the vanishing of half of the supersymmetry variations, say those generated by ǫ + (ǫ − ) one gets the Bogomol'nyi equations in a soliton (anti-soliton) background. The other half supersymmetry is broken. In the present case this amounts, for a vortex with positive magnetic flux, to the conditions
Using the explicit expresion given by (47), we can rewrite (50) in the form
From this equations, we obtain a simple expression for the magnetic field which in fact coincides with that corresponding to the "normal" (i.e. with Maxwell dynamics) Bogomol'nyi equation
This equation, together with (51) are the Bogomol'nyi equations for the BornInfeld-Higgs system. They coincide with those arising in the Maxwell-Higgs system, i.e., the original Bogomol'nyi equations [15] - [16] and hence they have the same exact solutions originally found in [16] 4 SUSY algebra
Given the 3 dimensional model defined by action (34), one can easily construct the associated conserved supercurrent and from it the supercharge commutators. The corresponding superchargesQ and Q can be written in the following formQ
After some work one gets
As in the previous section, we have considered Nielsen-Olesen vortices by putting A 0 = N = 0 after differentiation (We also restrict ourselves to the static case). More important, we have only included terms linear in the fermionic fields, this because we are interested in extracting, from the SUSY charge algebra, just the pure bosonic term from which the (bosonic) Bogomol'nyi equations will be derived. That is why, after computing the algebra, all fermion fields should be put to zero (Non-linear fermionic terms in the charges necessarily give fermionic contributions to the algebra which vanish when fermions are put to zero). Our purpose is to compute the Born-Infeld SUSY charge algebra and, from it, to explicitly obtain the Bogomol'nyi bounds in terms of energy and central charge. Since the expansion of the Born-Infeld Lagrangian in powers of 1/β 2 leads to Maxwell, Euler-Heisenberg, ... Lagrangians, it will be instructive to show how the algebra reproduces, in a 1/β 2 expansion, the corresponding Maxwell, Euler-Heisenberg, ... SUSY algebra and then present the arguments leading to the complete result. Indeed, to zero order in 1/β 2 one gets for the SUSY charges, which we denote to this order asQ (0) and
With this and Q (0) which can be computed from eq.(56), one can compute the SUSY algebra which takes the form
with P µ the 4-momentum and Z the central charge. Using the explicit forms forQ (0) and Q (0) obtained above one can compute the Poisson bracket corresponding to the l.h.s. in (60) and, comparing with the r.h.s. in this last equation one can identify
As it is well-known [17] , hermiticity of anticommutator (60) leads to a Bogomol'nyi bound which in the present case corresponds to the Maxwell-Higgs theory,
where n is the number of flux lines measured by Z [19] . We now consider the next order in the 1/β 2 expansion, namely the EulerHeisenberg theory. In that case, instead of (59) we havē
The SUSY charges anticommutator leads in this case to
Z is still given by (62) and eq.(64) also holds in this case. The next order leads to the following results
Again, Z is given by eq.(62), the same expression as in the Maxwell and Euler-Heisenberg case. In fact, this coincidence is not accidental and one can understand it as follows. If one were to obtain the Bogomol'nyi bound not from supersymmetry but as originally done by Bogomol'nyi, one should look at the purely bosonic Born-Infeld-Higgs theory and write the energy as a sum of squares plus a surface term. This surface term is responsible for the appearence of the topological charge as the bound for the energy. Now, the surface term is not modified by the fact that one deals with a BI and not a Maxwell gauge field Lagrangian. Moreover, the Bogomol'nyi equations do coincide for these two theories. Viewed from the supersymmetry side, the bound for the energy is provided by the central charge which again does not depend on the form of gauge field kinetic energy term. Coming back to the complete SUSY algebra, let us write the chargeQ given by eq.(57) in the form:
with
With this, we can compute the SUSY algebra
and identify the energy and central charge in terms of f and g,
Now, using the equation of motion for the auxiliary field D (eq. (47) one can see that the r.h.s. in eqs. (76)- (77) take the form
and then squaring (75) one again gets the Bogomol'nyi bound
this showing the consistency of our supersymmetric construction. We stress that the results summarized in eqs. (69)- (80) correspond to the exact supersymmetric Born-Infeld model and not just some approximation in powers of 1/β 2 .
Summary and Discussion
Studying the N = 2 supersymmetric completion of the Born-Infeld-Higgs model in d = 3 dimensions, we have found the Bogomol'nyi relations for the bosonic theory. The interest in d = 3 dimensions arises from the fact that in such space-time dimensions vortex solutions to Bogomol'nyi equations are known to exist. Remarkably, we have found that the same set of equations (and hence of solutions) hold when a Born-Infeld Lagrangian determines the dynamics of the gauge field.
Originally, supersymmetric extensions of the Born-Infeld theory were constructed using the superfield formalism [3] - [4] and only the bosonic sector was explicitly written in component fields. Since one of our goals was to derive Bogomol'nyi relations from the supersymmetry N = 2 algebra, we needed the explicit form of the fermionic Lagrangian, at least, up to quadratic terms in the fermion fields which in turn lead to linear terms in the Noether current which give the sole non-vanishing contributions to the algebra in the bosonic background sector.
Our analysis shows that supersymmetry forces a particular functional form of the bosonic action in which the Higgs potential enters in the BornInfeld square root (see eq.(48) in such a way as to ensure that the same Bogomol'nyi relations hold both for the Maxwell and the Born-Infeld theory.
As it was to be expected, the central charge of the N = 2 SUSY algebra coincides with the topological charge (the number of vortex magnetic flux units) of the model this ensuring that the Bogomol'nyi bound is not modified when one has a Born-Infeld theory. This was explicitly shown by constructing the SUSY algebra and deriving from Bogomol'nyi inequality in the usual way.
Appendix: Superfields in components
We start from the standard form for the chiral superfield W α (see for example ref. [22] )
where λ,λ, D, F andF are functions of the variable y m = x m + iθσ mθ and x m is the usual 4-vector position (It will be convenient to write all the superfields in terms of the variable x instead of y.). The covariant derivatives are defined in eqs. (10) and (11) .
where σ µ andσ ν are the Pauli matrices, defined as in ref. [22] . Everywhere, except if explicitly stated, D, F µν ,F µν and λ depend on x.
The components ofW 2 can be obtained from the former expressions by calculating the adjoint of the matrix elements. 
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